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Trajectory and Control Optimization for Flexible Space Robots

L. Meirovitch* and Y. Chen’
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

This paper is concerned with a flexible space robot whose mission is to ferry some payload in space and to dock
smoothly with an orbiting target. Using a perturbation approach, the problem is divided into one for the rigid-
body maneuvering of the robot and one for the feedback control of elastic vibrations and perturbations from the
rigid-body maneuvering motions. The procedure involves optimization of the robot trajectory, inverse dynamics
for the determination of the maneuvering forces and torques, and the use of the linear quadratic regulator (LQR)
theory for a time-varying system for the determination of an optimal control law for the elastic motions and the
perturbation from the rigid-body maneuvering motions. A numerical example demonstrates the approach.

1. Introduction

PACE robots are likely to play an increasingly important role

in space missions. Indeed, space robots can be used for the col-
lection of space debris, recovery of spacecraft stranded in a useless
orbit, the repair of orbiting spacecraft, the construction of a space
station in orbit, and servicing the space station while in operation.
The basic function of the space robot is to move payloads from one
position to another. In contrast with ordinary manipulators, how-
ever, space robots must possess the capability of traveling in space
and docking with other spacecraft.!

There are two significant differences between industrial robots in
current use and space robots. In the first place, industrial robots are
mounted on a fixed base, whereas space robots are mounted on space
platforms capable of translations and rotations. The fact that the base
of the space robot is free to move in space brings about problems>>
not encountered in industrial robots. The second significant differ-
ence is that space robots must be very light, and hence very flexible,
unlike industrial robots characterized by very bulky and stiff arms.
Indeed, the flexibility of the robot arms causes elastic vibration,
which tends to affect adversely the performance of the end effector.
This in turn causes problems in modeling and control design.*

Quite recently, extensive research has been done for space-
based robots with free-flying characteristics. Vafa and Dubowsky®
developed a new concept, referred to as a virtual manipulator
(VM), to represent the free-flying manipulator system. Manipula-
tor path planning and base attitude adjustment can be carried out
by cyclic joint motions. Alexander and Cannon® presented an ex-
tended operational-space control algorithm to calculate appropriate
joint torques so as to permit the end effector to track a desired path
while allowing for the free dynamic response of the base vehicle.
The main thrust of the research on free-flying space robots is to
control the system by merely maneuvering the robot arms. One can
realize the desired end-effector trajectory and desired base attitude
simultaneously’ or realize the desired joint angles and desired base
attitude simultaneously® by actuating joint angles without vehicle at-
titude control.

The research mentioned above is based on the assumptions that
there are no external forces or torques, so that the system linear or
angular momentum is constant. These assumptions hold only when
the robot base is not controlled. However, at times the robot base
must be controtled. The advantage of controlling the robot base atti-
tude is that it allows for a much simpler inverse kinematics relation

Presented as Paper 92-4322 at the AIAA Guidance, Navigation, and Con-
trol Conference, Hilton Head, SC, Aug. 10-12, 1992; received Nov. 6, 1993;
revision received April 10, 1994; accepted for publication Dec. 10, 1994.
Copyright © 1995 by L. Meirovitch and Y. Chen. Published by the American
Institute of Aeronautics and Astronautics, Inc., with permission.

*University Distinguished Professor, Department of Engineering Science
and Mechanics. Fellow AIAA.

tGraduate Research Assistant, Department of Engineering Science and
Mechanics.

493

between robot manipulation and robot configuration variables. The
trajectory associated with the robot configuration can be optimized
or designed using a great variety of performance indices or specific
requirements.” For example, trajectories can be planned so as to
minimize the base reactions and limit the end-effector accelerations
and jerks to some values,'® whereas the robot redundancy is being
treated by a local optimization method.’

A number of investigations are concerned with the maneuvering
of rigid fixed-base manipulators. A notable exception is a review
paper!! in which the arms are flexible and their vibration is actively
controlled. The main conclusion is that no control scheme seems to
have advantages over the other.

The approach presented in this paper is based on the assump-
tion that the attitude is controlled so that the robot base maintains
a fixed orientation during maneuvering. The inverse kinematics is
the same as that of a ground-based robot, except that the base un-
dergoes translational motion. The problem of robot redundancy is
treated by the global optimization method, which reduces it to a
nonlinear two-point boundary value problem. To avoid numerical
difficulties in finding a global minimum solution to the problem,!?
a homotopy algorithm guaranteeing convergence to the global op-
timal trajectory!® is used.

Most research on space robots is confined to rigid-body models.
In contrast, this paper is concerned with the problem of accurate and
smooth docking of a flexible space robot. The mathematical model
consists of a rigid platform serving as a base, two hinge-connected
flexible arms, and a rigid end effectot/payload (Fig. 1). The com-
plexity of inverse kinematics is reduced by assuming that the space
robot attitude is controlled. The translational degrees of freedom per-
mit optimality in trajectory planning. The equations for the coupled
motions of the base, flexible robot arms and end effector/payload are
derived by means of Lagrange’s equations. Using a perturbation ap-
proach, the problem is separated into one for the docking maneuver
of the space robot regarded as rigid and another for the suppression
of the elastic vibrations and perturbations in the rigid-body motions.
The controls for the first problem are obtained by inverse dynamics.
On the other hand, the controls for the second problem are optimal
feedback controls obtained by the LQR theory for a time-varying
system. A numerical example demonstrates the approach.

II. Robot Redundancy and Global

Optimization Method

The problem of interest here is the determination of the state
vector defining the motion of the robot under the assumption that
the tip trajectory of the end effector/payload is given. We denote by
r € R™ the manipulation variables vector defining the tip trajectory
and by ¢ € R” the vector of generalized coordinates defining the
robot configuration vector. For a redundant robot, m < n, one tip
trajectory corresponds to an infinity of state trajectories.

Let us assume that the kinematic relation between r and q is
given by

r=f(q) &)
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Fig. 1 Flexible space robot.

Taking the derivative of Eq. (1) with respect to time, we obtain

r=J@)4q @
where
3!]1 afh aqn
T@=1 3q g dgn | = 3‘1—] )
- aql aqz 3q,., -

is the Jacobian matrix.

The object is to determine a state trajectory corresponding to a
given tip trajectory. To this end, we invert Eq. (2) and write the
solution in the form

g=Jre)+ U, — I )y @

where

Jh=0"aIm™! )
is the pseudoinverse of the matrix J, I, is the n x n identity matrix,
and y is an arbitrary n-vector. Note that the first term on the right
side of Eq. (4) represents the minimum-norm solution of Eq. (2) and
the second term is an arbitrary vector from the Jacobian null space.

The interest lies in a state trajectory that is optimal in some sense.
The global optimization method proposes to use the system redun-
dancy to derive an optimal trajectory. This can be achieved by means
of methods of the calculus of variations.'* To this end, we consider
the augmented performance measure

) i
L*=/ {¢'1T¢'I+ST[r—f(q)]}dt=/ nig.q.0de - (6)
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Then, the variation of L* can be written as

o <8#)]T
aL*:/ [——— SNV sq(0)dr
. Ldg  dr\9g

ou r ou ’
+ § - —— 8 =0
[aqof)] 2p) [34(f()):| 1(0)

The coefficient of 8¢ in the integrand yields the vector form of

Euler’s equation:
au dfopy) 0
3¢ dt\aq )

JTs —24=0

)

)
which leads to

&)

where J is the Jacobian as defined by Eq. (3). Differentiating Eq. (1)
twice, we can write
Jg=¥F—Jq (10

so that, combining Egs. (9) and (10) and augmenting the result with
an obvious identity, we obtain the equations defining the optimal
trajectory:

g=Jl@F— 79 (11

Note that, by letting ¢ = v, Egs. (11) can be regarded as a set of 2n
first-order state equations.

4=q

III. Dynamic Equations of Motion
for Flexible Space Robot

We propose to derive the system equations of motion by means
of Lagrange’s equations in conjunction with a consistent kinematic
scheme. To this end, we recall that body 0 is rigid, bodies 1 and 2 are
flexible, and body 3 is rigid. Referring to Fig. 2, the displacement
vector U and velocity vector V for a typical point in body 0 are as
follows:

Uy=R+C{Ry (12a)
Vo = R+ Cl &Ry (12b)
Similarly, for body 1
U =R+ ClLy+ Cl (ri +uy) (13a)
Vi=R+ClaLo+ Cla(r +uy) + Cliy  (13b)
for body 2
U2=R+C0TL()+C1T(L1 +u12)+C2T("z+u2) (14a)
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Fig.2 Coordinate systems for space robot.
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Vi=R+ Cg@oLo + ClTﬂbl(Ll +up) + ClTlllz

+CT @y (ry +u2) + Cliy
and for body 3

(14b)

Us =R+ CiLy+ C{ (L1 +upz) + CT(L; +u) + Cyrs (152)

Vi =R+ CJ Lo+ Cl@(Ly +uy) + Clig,

+C3 &y (L + ) + Clitgs + Cligrs (15b)
where
C = cosf; sing; o1 (16a)
"7 | —sing  cos; =0 2
cos(8; + sin(6; +
c, = .( » + B1) 6+ B (16b)
—sin(@; + B1) cos(6; + )
Cr — cos(s + 1+ B2)  sin(Bs + B+ B2) (16¢)
T —sin(0s 4+ i+ B cos@s + B+ Bo)
m, 0 _Stx
0 m,; Sty
MO _ f "‘er Sty It()
—8us1—ay Sner—as SiLosio — as
~S8psy —as Spca—ay SpLoswp — as
— 8353 S3c3 S3Los30
are matrices of direction cosines, in which
du ou
b= =2 a7
09X x1=IL1 9%z xa=Ly
are angular displacements due to flexibility,
. 0 —6 . 0 -6
wy =1 . ) wy =1 -
9() 0 91 0
- 0 —(0, + B
o= . . @+ B0 (18)
0, + By 0

& [ 0 —(6s + B +/§2):]
3 = . . .
O+ B+ B2 0
are skew symmetric matrices representing the matrix counterpart of
the wx vector operation,

R=[x »l", rn=k 0, n=x 0" 19
are position vectors, and
u =10 w], uy=[0 u)" (20
are elastic displacement vectors. Moreover,
Uy = i lyy=L,, U3 = Ualy,=1, (21)

For convenience, we discretize the elastic displacements as
follows:
wi(x, 1) =8 ()7 (1) i=

1,2 22)

where ®;(x) are vectors of quasicomparison functions' and z; ()
are vectors of generalized displacements. Regarding the robot arms
as beams in bending, the quasicomparison functions can be chosen
as a linear combination of the admissible functions:

Akx

Akx
——) k=1,2,...
L

Akx
= cosh — — cos
br 7

A
- (sinh %x —sin 23)
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which represent the eigenfunctions of a clamped-free beam for &
odd and clamped—clamped beam for k even.

Using Eqgs. (12-23), the kinetic energy of the system can be writ-
ten as

3 3

1
T = T, =~ VIV, dD; = 14" Mg 24
Yor=33 [ v WM Y

i=0 i=

where ¢ = [RT 6, 6, 6, 65 zlr z; 17 is the configuration vector
and

my7 mig
M,
M= 25
me7 Meg @5
T T
my, ... Mg M mp
T T T
my Mgy Mg Msg
is the mass matrix, where
=851 —a —S8ps —ay —8353
Sic1 — a3 Spcy —ay Sac3
SiiLosio —as  SpLosy — as S3Lgs3o 26)
T
Li+zimnzy Splicy +a; S3Lics +ag
T
SnLicy +ar In+z3mesza S3lacn +ag
SsLicai +ag S3Laca +ag L
in which
=T =T =T
a; = ®,zic1, ay = P70, as = ®,,z15
-7 =T
ay = ®,,225, as = —®,,z1Locyo @7

ag = —®,2,Lycy, a7 = Sp® 2150

ag = 53<I’1T221S31, ay = 53‘1’;37-2&2
and
my = =851 — S Y Ty50 — S 7T,s3
my; = ti),Tlcl + S,leTzcz + S3T{203
my; = i’,Tl Losio + SpLo Y 1,520 + S3Lo Y 53
my = ‘i>]T + (my +m3) L ®], + S L1 X e + S350 X ey
ms; = Sp®0 + In Y], + S3L,Y],cx
me; = S8 1,031 + S3 L, X 030 + LY,
myg = ——<i>tT2s2 - S3T;3S3
Mg = <i>thcz + 83X ;¢
mag = ‘i’,TgLoSzo + S3Lo X 33530
myg = ‘i>,T2L1€21 + S3L1 Y e (28)
msg = @Z + m3L2(I>§3 + S3L2T§3c32
meg = S3®3,030 + LYL
my = Ay + (my +m3)@u®], + (I + )Y YL
+ 8 (P Y], + Tp®])eo + S3(@ Y], + T®])es

+285 L, XY hen
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mag = B, XL, +m3La®y Y], + S0®],0
+ 8500 (‘1>1T2 + LleTz)Csz + LYY, + $38nY e
mss = Ay + m3®pu® + LYy Y0 + S3(BnYh, + Tou®])cn

and we note that s; = sin#8;, ¢; = cos8;, s;; = sin(6; — 6;), and ¢;;
= cos(f; — 6;). Moreover, we have used the following definitions:

my =mgy+m) +my -+ my
Six = Sox sinéy + Spy cos by + (m; + ma + ms)Locosy
Sty = Sox €08 By — Soy sin by — (my + my + m3) Lo sin Gy
Si1 =81+ (ma+m3)Ly, Sp=8+msl,  (29)

Lo = Ioe + Ioy + (my +mo + m3) L}
Ly = I, + (my +m3) L3, Ly =1L +myL3

B, =B + (my + m3) By, B,y =®) +my®y

in which
m,-:/ ,OidD,* i=0,1,2,3
Body i
S,-=f pix; dDy, 1,:/ pix?dD;  i=1,2,3
Body 7 Body i
Sox = / pox dDy, Soy = f poydDy
Body 0 Body 0
Iox = / pox? dDy, Iy, = f oy dDy  (30)
Body 0 Body 0
3, :/ 0@, dD;, o, 2/ pix;®; dD;
Bodyi Bodyi
A,:/ p,@,q)leD, l=172
Body i
@ = ‘1’1(X1)|X1=L1, Py = ‘1>7.(362)|)62:L2

To=@)|, . Tu=2w)

xa=Ly

The potential energy for the system is due entirely to the elasticity
of the robot arms and can be written in the form

2
V= 4Kz =g Ke Gy
i=l1
where
K = block-diag[0 K; K;] (32)
in which
L
K :/ EL®/(@) dx i=1,2 (33)
0

are the stiffness matrices of bodies i; E[; denotes the bending stiff-
nesses. Note that the gravitational potential is ignored here on the
basis that it is negligibly small.

The virtual work of the system is

W = Fy8xg + Fyo8yo + 1086y + 11 86y + 12(862 + 8B1)

mi
+ 1386 + 861 + 8B + CT ) fh 83U ()
i=1
my
+C ) f 8Us(xi) = Q7 8q 34

i=1

where Q is a generalized force vector. As shown in Fig. 1, 7; are
control torques acting on bodies j at x; = 0% (j = 1,2) and f};
(i =1,2,...,m;) are control forces acting throughout bodies j
(j = 1,2). Lagrange’s equations for the system can be expressed
in the symbolic vector form

d [aoT aT 3V
—N =]t —= 35
dt<3q> aq + dq 2 33)

Inserting Egs. (24), (31), and (34) into Eq. (35), we obtain

oM

M+ Mg — 54" r

g+Kq=0 (36)

where we recognize that M = M (q) and that §7 (M /3q)q is a
vector with entries g7 (3M /8g))q (j = 1,2, ..., n).

IV. Perturbation Method

The approach described above involves trajectory optimization
and determination of the forces and torques required for trajectory
realization from the dynamic equations of motion, a procedure re-
ferred to as inverse dynamics. This approach has been used widely in
robotics, but application to date have been confined to rigid robots.
Indeed, flexibility is likely to cause serious difficulties not only in
trajectory optimization but also in inverse dynamics. In most cases
of interest, however, elastic motions tend to be small compared to
maneuvering motions, particularly when the elastic vibration is con-
trolled. In such cases, it is natural to use a perturbation method to
separate the problem into two problems involving quantities of dif-
ferent orders of magnitude. One problem, referred to as a zero-order
problem, is concerned with maneuvering of the robot as if it were
rigid. The second problem, referred to as a first-order problem, is
concerned with the control of the elastic vibrations and perturbations
from the rigid-body maneuvering. Of course, the assumption is that
the variables in the zero-order problem are one order of magnitude
larger than the variables in the first-order problem.

In view of the above, we express the configuration vector and
associated generalized force vector in the form

q(t) = qo(r) +q:1(1), QB =0+ 1) (37
where the subscripts O and 1 denote the different orders of magni-
tude. Introducing Eqs. (37) into Eq. (36) and separating quantities
of different orders of magnitude, we obtain the equation defining
the zero-order problem

My(q0)q0 + Bo(qo, 40)q0 = Qo (38)

where B, is a coefficient matrix, and the equation defining the first-
order problem

M (g0)g: + G (o, 40)q1 + C(qo. 4o, 40)q1 = d(qo, §o. Go) + 01
(39)

where G and C are coefficient matrices and d is a persistent dis-
turbing vector. Explicit expressions for My, By, My, G, C,and d are
given in the Appendix.

It is clear from the above that the zero-order problem can be
solved independently of the first-order problem, which is typical
of perturbation solutions. On the other hand, the first-order problem
depends on the solution to the zero-order problem, where the depen-
dence manifests itself in the form of time-varying coefficients and
persistent disturbances. The zero-order problem is nonlinear and of
relatively low order. In contrast, the first-order problem is linear,
albeit time varying, and of relatively large order. The zero-order
equation (38) can be used for trajectory planning and inverse dynam-
ics in conjunction with the rigid-body maneuvering. The first-order
equation (39) can be used to design feedback controls for the elastic
vibrations and the perturbations from the rigid-body maneuvering.
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V. Rigid-Body Maneuvering

As indicated in Sec. IV, we propose to carry out trajectory
planning on the basis of the robot system regarded as an artic-
ulated, rigid-multibody system. Then, the force vector Qy per-
mitting realization of the rigid-body maneuver is obtained from
Eq. (38).

Assuming that the vector r(¢) representing the motion of the end
point of the end effector/payload is given, we can obtain the rigid-
robot trajectory g = [xo Yo 6o o1 B2 o3 07 0717 by solving
Egs. (11). We rewrite Egs. (11) in the form

g=v. v=J@F-Jp (40)
which are subject to the boundary conditions
qty) =c, v(ty) = JT(Q(lf), to)r(tys) 4n

where 1, was taken as zero and ¢ is a constant vector.

Equations (40) and (41) constitute a nonlinear two-point boundary
value problem. The solution of such problems is generally very
difficult to obtain, particularly for systems of relatively large orders.
The shooting method reduces the problem to the solution of the

by

X11
0
0

=)

<

Il
o~ o oo o

-0 O O O O

S o O O O o~
S S O O O o~ O
oS S O O O - O O
S SO O -0 O O

0 Ty 0

nonlinear equation
Fw)=0 42)

which can be solved by Newton’s method.!¢ The approach suffers
from sensitivity to initial guesses, however, and can lead to diver-
gence. Improving the initial guess is not always feasible, particularly
for multivariable systems. As an alternative, one can consider the
continuation method. According to this method, Eq. (41) is replaced
by a family of problems given by

T(o, w) = aF (W) + (1 — a)S(w) = 0 43)

where o € [0, 1]1is a parameter and S(w) is a function such that the
equation S(w) = 0 is relatively easy to solve. This is the equation
corresponding to o = 0. At = 1, Eq. (43) reduces to the equation
we would like to solve. The approach consists of solving Eq. (43)
in a step-by-step manner, beginning with @ = 0 and finishing with
o = 1. The solution at every step uses as an initial guess the solution
obtained in the previous step. If Newton’s method is used to solve Eq.
(43), then failure can occur, because Newton’s method postulates a
monotonic increase in «, and in a convergent solution « does not
necessarily increase monotonically.

Quite recently, a new version of the continuation method, known
as probability-1 homotopy algorithms,' has been developed. The
algorithms are relatively insensitive to initial guesses; i.e., they are
capable of converging to the correct solution even for initial guesses
not very close to the solution. Based on the homotopy theory, « is
allowed to increase or decrease arbitrarily within s € [0, s*] as long
as the curve I' = 0 is followed, which is a distinct advantage over
Newton’s continuation method, for which « is required to increase
monotonically.

For the trajectory planning at hand, we use the homotopy method
to solve the nonlinear two-point boundary value problem defined by
Egs. (40) and (41). The homotopy mapis given by Eq. (43) in which

Fw) =q(t;,w) — J (1, w)i(ty) (44a)
Sw)y=w—a (44b)

where w == ¢(0) and a is an initial guess of w.

— sin 6,
—cos b,

T T @:(x)

VI. Control of Elastic Vibrations and Perturbations
from Rigid-Body Maneuver

At this point, we turn our attention to the design of controls for the
elastic vibrations and perturbations from the rigid-body maneuver.
To this end, we adjoin the identity ¢ = ¢ and rewrite Eq. (39) in the
state form

x(t) = A(0x(0) + B(u(t) +d(1) (45)

where

= Buw=0, a=| ° (46)
' b M-d

are the state vector, control vector, and disturbance vector, respec-
tively, and

A 0 ! B 0 47
T{-M"'C -M7'G |’ T {MB; “n

are coefficient matrices, in which

—sin@; —siné, —sinf, |
—cosf; —cosb; —cos b,
bo by, e by
Xim b . b
1 1 1 8)
0 X aE X2m
0 0 . 0
D (x1m) by ce by
0 ®5(x21) D (x2m) B
where

by = x3, Y13 + P12 cos(@, — ;)
bor = Losin(6r — 6p) bz = Locos(6 — 6y}  (49)
bl =1L, COS(92 - 91)
We propose to compensate for the persistent disturbance open-loop
control and to control the elastic vibrations and rigid-body pertur-
bations in the absence of persistent disturbance closed-loop control.
Hence, we divide the control vector into
u=u,+u. (50)
where the open-loop control has the form

u, (1) = —BL(1)d(r) (s1)

so that Eq. (45) reduces to

x(t) = A@®)x(t) + B(Ou (t) + D({)d(t) (52)

0
} (53)

bw = I:M“I[I — By ()BL )]

We wish to determine the feedback control in an optimal fasion. To

this end, we use the LQR theory for which the performance measure
has the form

t
L=xT(t)Hpx(ty) + / [xT OOWx@) +ul (t)R(t)uL.(t)] dr
10
(54)
It is well known that the optimal control law is given by!’

u () = —R'O)BTOK®)x(1) (55)
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where K (¢) satisfies the matrix differential Riccati equation

K =—-K®OAW® — ATOK® - Q)

+KOBORY OB (K@) Ky =Hy (56)

VII. Numerical Example
The numerical example is concerned with the fiexible robot shown
in Fig. 1. The solution follows the pattern established earlier, i.e.,
trajectory planning based on the rigid robot and feedback control
based on the first-order perturbations.

A. Trajectory Planning

As the manipulation variable vector, we use r = [x y @]7
where x and y are the cartesian components of the payload tip
and ¢ is a measure of the orientation of the end effector/payload.
For the sake of this example, we assume that the platform under-
goes translation only (6y = 0), so that the configuration vector
q =[xy Yo 6; 8, 6]7, where for simplicity we omitted the sub-
script 0 identifying zero-order quantities. Hence, the relation be-
tween r and ¢ is by components

x =xy9+ Lycoséy + Lycosb; + L3 cos s
Yy =Y + L() + L1 sin 91 -+ Lz sin 92 + L3 sin 93 (57)

@ =cosbs
For the purpose of this example, we choose

x =7.5c0os0.2nt + 7.5

y=—7.5cos0.2nt +7.5 t €[0,5.0] (58)

¢ =4iv2-02v2t

so that at t = O the tip starts from the position [15 m 0] and orien-

tation of 45 deg and at ¢ = 5 s it ends in the position [0 15m] and

orientation of 135 deg. The tip velocity iszeroatt = 0and ¢ = 5s.
From Egs. (57), the Jacobian matrix is

1 0 —L;sinf; —L,sinf, —Lzsinb,
J=10 1 Licost L,cosf, L3 cos 6, 59
0 0 0 0 —sinf;

and the performance measure for the optimal trajectory is as given
by Eqgs. (6) and (10).

Letting Ly = 2.5m, Ly = L, = 10.0m, and L3 = 2.0m, the
trajectory is computed for the two cases:

Case 1:

xg=—64142m, y,=-39142m, 6,=6,=0, 6G=n/4

Case 2:

Xo=—3.4853m, y,=—109853m, 6, =0, 6, =0;=n/4

Figure 3 shows time-lapse pictures of the robot configuration for
cases 1 and 2. The results were obtained by the homotopy method.
Note that, although the initial configuration is different, in both
cases the initial tip position is [15 m 0] and the initial end effector
orientation is 45 deg, as can be seen from Fig. 3.

Using inverse dynamics, the forces and torques required for rigid-
body maneuvering were computed by means of Eq. (38).

15 T v T T

i/ ]
of /////

-15 -10 -5 0 5 10 15

y (m)

x (m)

Fig. 3a  Time-lapse picture of robot for case 1.

15 T =
10}
st
~
&
>
ok
sE
1 . . .
0 -5 0 5 10 15

x (m)

Fig. 3b Time-lapse picture of robot for case 2.

B. Optimal Feedback Control
The values of the system parameters used are as follows:

my = 40kg, m; =m, = 10kg, m3 = 2kg
Lo=2.5m, L,=L,=10m, Ly=2m
S, =5,=0

I, = 83.333kg-m?, I, = 333.333kg-m’

ElL = El, = 10* kg-m?

The elastic displacement for the two arms was modeled by means
of five quasicomparison functions. The coefficient matrices for the
performance measure [Eq. (54)], were chosen as

Q =diag(10* ... 10> 0 ... 0)

R =diag(1.0 --- 1.0), H;=0

Numerical solutions of the Riccati equation were obtained by an
algorithm described in Ref. 18. Time histories of the uncontrolled
and controlled responses are shown in Fig. 4.

VIII. Summary and Conclusions

A flexible space robot can be regarded as an articulated flex-
ible multibody system. Typical missions of space robots are the
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Fig. 4b Time history of controlled and uncontrolled perturbations in
rigid-body rotations of bodies 0 and 1.

collection of space debris, recovery of spacecraft stranded in a use-
less orbit, repair of orbiting spacecraft, construction of a space sta-
tion in orbit, and servicing the space station while in operation. In
all cases, the task of the robot is to maneuver payloads.

This paper is concerned with a space robot consisting of a rigid
platform, such as the Space Shuttle, two articulated flexible arms,
and a rigid end effectot/payload. The task is to ferry some payload
and to dock smoothly with an orbiting target. Under the assumption
that maneuver motions are much larger than elastic motions, a per-
turbation approach permits dividing the problem into a zero-order
problem (in a perturbation sense) for the rigid-body maneuvering
of the robot and a first-order problem for the control of the elastic
motions, as well as of perturbations from the rigid-body maneuver-
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g
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0.1} !J J
-0.15
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Fig. 4c Time history of controlled and uncontrolled perturbations in
rigid-body rotations of bodies 2 and 3.
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Fig.4d Time history of tip elastic displacement of bodies 1 and 2.

ing motions. The zero-order control is open loop and the first-order
control is closed loop.

The robot under consideration possesses redundancies, because
the payload maneuvering is defined by three variables and the rigid-
body robot maneuvering is defined by six variables. Assuming a
certain payload maneuvering trajectory, the trajectory of the rigid
robot is optimized by means of the global optimization method.
Then, uvsing inverse dynamics, the control forces and torques re-
quired for the rigid-body maneuvering are determined. The feed-
back control forces and torques required for the control of the elastic
vibration and perturbations from the rigid-body motions are deter-
mined by the LQR theory. A numerical example demonstrates the
approach.
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The mass matrix M appearing in Eq. (38) is defined as
M, =
m; 0 — S =S8 —8n52 —8353
0 n, _Sty Spic1 Scy S3cs
—S Sy Iy SiLosie  SpLosw  SzLoso
—=Sus1 Sucr SpLosio I SnLicay S3Licy
—S8nsy Spca SpLosw  SpLicy I SiLacy
—8353 S35 S3Loszy  SsLicyy  S3lacm L
(A1)
and the coefficient matrix By is given by
By =
T00  —S,6 —Sic16;  —Spcby — 5830365 T
00 —S5:6 —8115101 —Spsb, — 835363
00 0 SiiLociofr  SnLocnby  S3Locsnbs
0 0 —S$;1Lociobo 0 ~SiL15216, —S3L153163
00 —SpLocanby S;2L15216 0 —83L253,63
1.0 0 —S3Lpc308y S3Lis3161  S3Llosynb, 0 n
(A2)
Moreover, the mass matrix in Eq. (39) has the form
my; myg
M,
M, = me Mg (a3)
m{7 m£7 my; Mg
m mfy mi, mg
and the coefficient matrices G and C are given by
N G, Gz
Gy Gy
Gy; Gy
2B G G
G 0 47 48 (Ad)
Gs; Gsg
Gs1 G
0 0 Gz Gu Gis Gis Gnn Gp
L0 0 Gss Gsu Ggs Gy Gwr Ggs
where

Gy = —2<i>,Tlc191 ~ 280X T,c26) — 283X T 36,
Gis = —28,,020;, — 25, YT c365
Gy = 28 5,6, — 282X Ty526, — 285X, 5365
Gy = —2<i>trzsz92 — 253T2T3S393
Gy = 2<i’,T1 Lociof1 + 282 Lo X [ea06 + 283 Lo X [yca065
Gy = 2<i’,T2L()Cz()9z + 283 Lo Y 13c3083
Gar = —282L1 X ],5010, — 28311 X ],53165
Gus = =28, Lysy 6y — 25,0, Y 53,65
Gsy = 25,®7,5010) — 2851, X 53265

ng = —253 L2T§3S3293
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G67 = 2S3¢{2S31é1 -+ 2S3L2T{253292
Ges = 28:® 7536,

Gy = —2§_>,1L0010é0 - 25:2T12L0C209() - 253L0T12€309()
G = 282X 1252161 + 283 L1 X 125316,

G5 = =28, P 125216 + 2853 L, X 15326,
Gro = —283® 1253163 — 283 L, X 155365 (AS)
Gy = (§>12T1T2 + T12‘I’1T2)[Sz2521 (61 — 62) + S353; (61 — 63)]
+ 201, X], 83 L,53,(6, — 65)
Gp = —2(‘1>12‘i>,T252192 + $3®1, Y L5365
+ Sa'rlz‘I)ggSszéz + 53L2T12T53S329.3)
Gys = 2%, Losaby + 253 Y23 Lossobe
Gy =28, L5216, + 28353115316,
Ggs = 25353 Losn05
Gys = —28;® 135303
Gs1 = 2(@n®]52101 + 3L 238,536,
— $3®5 Y ,530s + 53L2T23T1T233292)

G = (11>23T§3 + T23‘P§3)S3S32(92 — 63)

and
[0 0 Ci3 Cu Cis Cyg Cpy Cs |
0 0 Cyiz Cyu Cys Cy Cn Cx
0 0 Ci Cu G35 Cs Cy Css
C 0 0 Ci Cu Cis Cy Cu Cyg
0 0 GCs3 Cs4 Css Css Cs; Css
0 0 Cs Coa Cgs Ces Cs; Ces
0 0 Cp3 Cuy Cis Cis Cip+ K,y Crp
L0 0 Cgy Cu Css Cg Cy7 Css + K |
(A6)
where

Ci3 = —Sy00 + Six6;, Cia = =Snc1fy + Susi0;
Ci5 = —S12¢26; + Sip5,62
Cis = —S30363 + $35303
Cy= —@;clél — S XL, + ‘i’,Tlslélz + 82X ],5263
— 83T cabs + S5 X7 5262
Ciy = —@20292 — 53 Y Tc36; + @232922 + 830555367
Cys = —Sixbo — S,6;
Co = —Sis10) — S;1¢,67
Cys = —S;520, — 51262922
Ca6 = —S38363 — S3¢36;
Cr = —&,1510 — $2 X506 — 10167 — S Y oo

— 83XT 5363 — ST yc367
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Cos = =B 15,6 — Sy Y530 — BLcpf2 — S3YT 562

C33 = =S¥ — Si¥o — SiLocioby — S2Locaoby — S3Locsobs
+ S Los100% + SiaLos03 + S3Losz62

Css = Sy Lociob) — StlL(>S1()912
Cys = SrzLoczoéz - szLr)Szoéz2
C3s = S3Locsobs — S3Loszbs

Cy = ‘i’,Tl Lo¢1061 + S X1, Locyfs — <i’,T1 Los106?

— S YT, Losyb + S3Lo X Tyc3085 — S3Lo Y 1,53067

Cyi = ‘i>,T2L()Cz()éz + 83X %, Locsobs — ‘i’,TzLoSzoézz
— ST, Lossob;

Cis = —SuLociofo — S Losioby

Cua = —Sic1¥g — Susi¥o + SiLociobo + SpLisnbs
+ S3L153163 + S;1 Los106¢ + SiaLicu8; + S3Licsi67

Cus = —SnLi15216; — SpLicn 6}
Cag = —S3L153163 — S3L1c316%

Cy = —i’;clf() - ‘i’,Tlslyo + i’:L()Cl()éo - Srle'rszSméz
+ S, @050, + S38T,53103 + B1 Losiob? — SpLi X e 62
+ 5287502105 + S387,c3163
— S3Ly X T 53,63 — S3L1 Y T,c5,67

Cig = —é‘,TleSuéz — 3L, XL 53165
— & L1cn €2 — S3L1 YL, 62

Cs3 = =S Locabo — SraLosaby
Csy = Sy Lisn0) — S Licai6}

Css = —SpeaXy — Spsayo + SrzL()Czoé() - St2L152lél

+ $3L,53203 + Sy Losabe + SpLicn 67 + S3Lyc367
Css = —S3Lasnbs — S3L5¢3063

Cs7 = =S X T,c2%0 — SpXTy5250 + S Lo X p¢a060
+ S:z‘b]TzSzlél - SrleTszszlél + SrzL()Tngszoé(%
= 871210 + S L1 X 1,006}

Csy = —‘i’,Tzczi() - ‘i’,Tzszﬁo + ‘i’,TgL()Czoéo - ‘i’,T2L1S2151
+ 8§38 75900; — S3L, Y 153,65 + <i’,T2L05209.(f
+ i’,Tleczlélz + S3(I>§3C32932 — S3L2T§3C3zé§

Ces = —S3L()C3()é() - SsLoSzoég
Cer = S3L15316) — S3L1c3167

Ces = S3Los326, — S3Lac367
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Ces = —Ssc3fy — S38330 + S3Locsobo — S3Lisufy — S3Lassbs
+ 83 Lys3067 + S3L1C31élz + 531420329'22
Cor = S3®7 5310 — $387,¢3,07 — S, YT, ¢35 — S3 X ],8350
+ S3T1TzL0C30é() - S3T1T2L1531é1
+ 83X, Los300¢ + S3 Y1, L1c316} (A7)
Cos = —S3 X 15350 — S;ngsﬁo + 831, Locxobo
— 83YL Lis3i — S3X 5, Lossbs + S8 L 53,6,
+ 83X, Los3002 + S3X 15 Lic316F + S3Y 0, Lycs67
— 53 ®7,05.67
Cr3 = —®, Lociofo — S X 12Locnby — @41 Los1067
- SthlzLom@'S — 83 12 Locby — S5 12Los3007
Cry = = c1%) — BysiVo + By Lociobo + SpLi T iasnby
+ S ®125210> + S3P 1253163 + D41 Los106F — S L1 X 1262167
+ 5':2‘1’12021'9.22 + S3‘I>126‘319'32 + 83X 12 L1536,
= 831 Lic 67
Crs = —Sp X ncako — S 1as2¥0 + StzLoTuCzoéo
— Sp®as2by — SpLi Y 5216 + S3L, X 153265
+ S:zL()leszoé(f - 512‘5120219.22 + StZLlTIZCZIéIZ
+ 3Ly X 12602607 + $3 X 12Los326: — S3Y 12 Locsnb7
Crs = —S3®1253103 — S3¥ 12 Los30; — S3®1503,07
—~ 83Y 13 Lac3b7 — S5 Y 1¢3io — Sy X 128330
+ 8312 Locsobo — S3 X pLis3ify — S3 X 12Las3b,
+ 83X 12 Los3083 + $3Y12L1¢3167 + S35 Loc362
Cy = —S:2T12T1T2 (02550 + $230 — L()Czoéo + L1521é1
- Loszoég - L1€21912) - S3T12T1T2(C3550 + S353() - L()Caoéo
+ Lls3lél - L(>S3()9(§ - L1€319i2) + StZTIZq){z[SZl(él - éz)
—C21(912 + 922)] + S3T12‘I’1T2[531(é1 —63) — ey (‘912 + ‘932)]
- [Al + (may + m3)q>124>172].9',2
Cpg = —lei’,rz (02550 + $250 — Locabo + L1sn6; — Losybg
— L1621912) — SngzT; (C3)'c'() + §3¥o — Locmé() + L1S31é1
+ Los326; — Losyof — L1367 — ch329'22)
- ‘I’lz‘i’,Tz(Szléz + 621922) - 53<I)12T53 (53153 + 031932)
+ 850, @7, (S3zé3 + 032932) + S X7, (33292 - c32922)
— 3T YL, (S3zé3 + C32932)
Css = ®,5Losa0 + $3 23 Lossobo — 'i%zLomGﬁ

— 83023 Loc3063
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Cas = ®L15y01 + S3L1 X oas3161 — @1aLicnf]
- S3L1T23C319.12

Cis = —B 20050 — Psro — BraLosaby — ProLisnby
+ S5 Ly Y3836, + S3Po383,05 + ‘i’szoCzoé(f + ‘itzLICnélz
+ S3¢’23Cazé32 — 83L, Y 23¢5,62

Cys = —S3Xa3c3%0 — S3 38350 — S3X23Los3obo
= $3Y 53 L153101 — $3X 53 Losaby — S3Po3sibs
+ 8323 Loc3083 -+ S3¥23L 13167 + S3 g3 Locn6?
— $3®303,6;

Cy7 = —‘i’rzrsz (62550 + 52Y0 + Losafo + Lisub; — L()Czoég
— Lic2167) — S3XsX T, (cako + 5350 + Loszobo + Lisaby
— Locxb2 — Llc31912) + &, @7, (52151 - 021912)
+ S3T23‘I’{2(S31é1 - 631912)

Cis = —S3 Yo X, (63550 + 5350 + Lossobo 4+ L5316, + Lossb,
— Locsofy — Licn6] — Lacsay) + S 8% [532(62 — 63)

—C33 (022 -+ 9»;2)] - [A2 -+ m3¢23¢§3]922
The disturbance vector d in Eq. (48) is defined as

d=[0 000 0 0 & daf] (A8)
where

d7 = [®) + (my + m3) L ®1l6) + @4 (—5155() +c1do
+ Losiofy — L()Cl()ég) + S;z'rlz(-szfo + ¢250 + Losabo
+ Licn b — L()Cz()ég + Llszléxz) + 12126,
+ 82 @12(c2162 — 52167 ) + S3®12(c3105 — 53163)
+ 83T 12La(cabs — 53267) + LY 16 (A9)
+ 8312 (—s3%0 + €390 + Lossobo + Licsiby + Lacnb,
— Locsof3 + 1415"319412 + L2532922)
dy = [$2 + m3 Ly P31, + ‘i>t2(“52550 + 250 + Locaobo
+ L()SZ()G.(% + L1C21él + L152193) + 5303 (—53550 + 3%
+ Loc3bo + Lics16) + Lycsyby + Los303 + Lysn6f

+ L35207) + LYoy + S3®03(c5afs — 532263
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