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Trajectory and Control Optimization for Flexible Space Robots

L. Meirovitch* and Y. Chenf

Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

This paper is concerned with a flexible space robot whose mission is to ferry some payload in space and to dock
smoothly with an orbiting target. Using a perturbation approach, the problem is divided into one for the rigid-
body maneuvering of the robot and one for the feedback control of elastic vibrations and perturbations from the
rigid-body maneuvering motions. The procedure involves optimization of the robot trajectory, inverse dynamics
for the determination of the maneuvering forces and torques, and the use of the linear quadratic regulator (LQR)
theory for a time-varying system for the determination of an optimal control law for the elastic motions and the
perturbation from the rigid-body maneuvering motions. A numerical example demonstrates the approach.

I. Introduction

S PACE robots are likely to play an increasingly important role
in space missions. Indeed, space robots can be used for the col-

lection of space debris, recovery of spacecraft stranded in a useless
orbit, the repair of orbiting spacecraft, the construction of a space
station in orbit, and servicing the space station while in operation.
The basic function of the space robot is to move payloads from one
position to another. In contrast with ordinary manipulators, how-
ever, space robots must possess the capability of traveling in space
and docking with other spacecraft.1

There are two significant differences between industrial robots in
current use and space robots. In the first place, industrial robots are
mounted on a fixed base, whereas space robots are mounted on space
platforms capable of translations and rotations. The fact that the base
of the space robot is free to move in space brings about problems2'3
not encountered in industrial robots. The second significant differ-
ence is that space robots must be very light, and hence very flexible,
unlike industrial robots characterized by very bulky and stiff arms.
Indeed, the flexibility of the robot arms causes elastic vibration,
which tends to affect adversely the performance of the end effector.
This in turn causes problems in modeling and control design.4

Quite recently, extensive research has been done for space-
based robots with free-flying characteristics. Vafa and Dubowsky5

developed a new concept, referred to as a virtual manipulator
(VM), to represent the free-flying manipulator system. Manipula-
tor path planning and base attitude adjustment can be carried out
by cyclic joint motions. Alexander and Cannon6 presented an ex-
tended operational-space control algorithm to calculate appropriate
joint torques so as to permit the end effector to track a desired path
while allowing for the free dynamic response of the base vehicle.
The main thrust of the research on free-flying space robots is to
control the system by merely maneuvering the robot arms. One can
realize the desired end-effector trajectory and desired base attitude
simultaneously7 or realize the desired joint angles and desired base
attitude simultaneously8 by actuating joint angles without vehicle at-
titude control.

The research mentioned above is based on the assumptions that
there are no external forces or torques, so that the system linear or
angular momentum is constant. These assumptions hold only when
the robot base is not controlled. However, at times the robot base
must be controlled. The advantage of controlling the robot base atti-
tude is that it allows for a much simpler inverse kinematics relation
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between robot manipulation and robot configuration variables. The
trajectory associated with the robot configuration can be optimized
or designed using a great variety of performance indices or specific
requirements.9 For example, trajectories can be planned so as to
minimize the base reactions and limit the end-effector accelerations
and jerks to some values,10 whereas the robot redundancy is being
treated by a local optimization method.9

A number of investigations are concerned with the maneuvering
of rigid fixed-base manipulators. A notable exception is a review
paper11 in which the arms are flexible and their vibration is actively
controlled. The main conclusion is that no control scheme seems to
have advantages over the other.

The approach presented in this paper is based on the assump-
tion that the attitude is controlled so that the robot base maintains
a fixed orientation during maneuvering. The inverse kinematics is
the same as that of a ground-based robot, except that the base un-
dergoes translational motion. The problem of robot redundancy is
treated by the global optimization method, which reduces it to a
nonlinear two-point boundary value problem. To avoid numerical
difficulties in finding a global minimum solution to the problem,12

a homotopy algorithm guaranteeing convergence to the global op-
timal trajectory13 is used.

Most research on space robots is confined to rigid-body models.
In contrast, this paper is concerned with the problem of accurate and
smooth docking of a flexible space robot. The mathematical model
consists of a rigid platform serving as a base, two hinge-connected
flexible arms, and a rigid end effector/payload (Fig. 1). The com-
plexity of inverse kinematics is reduced by assuming that the space
robot attitude is controlled. The translational degrees of freedom per-
mit optimality in trajectory planning. The equations for the coupled
motions of the base, flexible robot arms and end effector/payload are
derived by means of Lagrange's equations. Using a perturbation ap-
proach, the problem is separated into one for the docking maneuver
of the space robot regarded as rigid and another for the suppression
of the elastic vibrations and perturbations in the rigid-body motions.
The controls for the first problem are obtained by inverse dynamics.
On the other hand, the controls for the second problem are optimal
feedback controls obtained by the LQR theory for a time-varying
system. A numerical example demonstrates the approach.

II. Robot Redundancy and Global
Optimization Method

The problem of interest here is the determination of the state
vector defining the motion of the robot under the assumption that
the tip trajectory of the end effector/payload is given. We denote by
r e Rm the manipulation variables vector defining the tip trajectory
and by q e Rn the vector of generalized coordinates defining the
robot configuration vector. For a redundant robot, m < n, one tip
trajectory corresponds to an infinity of state trajectories.

Let us assume that the kinematic relation between r and q is
given by

r=f(q) (1)
493



494 MEIROVITCH AND CHEN: FLEXIBLE SPACE ROBOTS

Then, the variation of L* can be written as

Moving Target

Body 3

End-Effector/Payload

Flexible Robot Arms

BodyO F,

Orbiting Platform

Fig. 1 Flexible space robot.

Taking the derivative of Eq. (1) with respect to time, we obtain

(2)

where

= MM (3)

dfi_ dfi_

9/2_ ^/2_

a/» 3/»

is the Jacobian matrix.
The object is to determine a state trajectory corresponding to a

given tip trajectory. To this end, we invert Eq. (2) and write the
solution in the form

where

(4)

(5)

is the pseudoinverse of the matrix 7, /„ is the n x n identity matrix,
and y is an arbitrary n-vector. Note that the first term on the right
side of Eq. (4) represents the minimum-norm solution of Eq. (2) and
the second term is an arbitrary vector from the Jacobian null space.

The interest lies in a state trajectory that is optimal in some sense.
The global optimization method proposes to use the system redun-
dancy to derive an optimal trajectory. This can be achieved by means
of methods of the calculus of variations.14 To this end, we consider
the augmented performance measure

-/"»'*•/to

sT[r-f(q)]}dt -f"JtQ

H(q,q,t)dt (6)

dq(tf)
(7)

The coefficient of 8q in the integrand yields the vector form of
Euler's equation:

which leads to

_ _
dq dt dq

JTs -2q =

(8)

(9)

where / is the Jacobian as defined by Eq. (3). Differentiating Eq. (1)
twice, we can write

Jq = r - Jq (10)

so that, combining Eqs. (9) and (10) and augmenting the result with
an obvious identity, we obtain the equations defining the optimal
trajectory:

q = q, q=J\q)(r-Jq) (11)

Note that, by letting q = v, Eqs. (11) can be regarded as a set of In
first-order state equations.

III. Dynamic Equations of Motion
for Flexible Space Robot

We propose to derive the system equations of motion by means
of Lagrange's equations in conjunction with a consistent kinematic
scheme. To this end, we recall that body 0 is rigid, bodies 1 and 2 are
flexible, and body 3 is rigid. Referring to Fig. 2, the displacement
vector U and velocity vector V for a typical point in body 0 are as
follows:

VQ=R

Similarly, for body 1

= R + M I ) + Cf M I

(12a)

(12b)

(13a)

(13b)

for body 2

- R + C([L0 + C[(L! + M12) + Cj(r2 + M2) (14a)

Fig. 2 Coordinate systems for space robot.
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V2 = R -f- CQ (*)()L() H- C| &>i (L\ + Mi2) + Cj Mi2
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and for body 3

+ 1112) + C[(L2 + M23)

+ "23)
where

which represent the eigenfunctions of a clamped-free beam for k
(I4b} oc^ an<^ clamPed-clamped beam for k even.

Using Eqs. (12-23), the kinetic energy of the system can be writ-
ten as

(15a) 3 ! 3 r
\~^ \~^ / r i r
/ j l O ̂  ^ / ' ' ' 2" "
i=() /=() •'Body/

(15b) where q = [RT ft} 0i ft> #3 zf Z2 ]r is the configuration vector
and

(25)

C' = L-^ cosJJ i = °'1 (16a)

Ca rcosft + ft) rin(ft + ft)-| (16b) M =
I sm(6>2 + A) cos(e2 + ^,)J

T cos(6»3 + /6, + /S2) sin(93 + ft + £>) 1
3-L-sin(e3 + A+/s2) cosCflj + ̂  + A)] c)

 isthemassmatriX;W

M« = /

»17«W-

«« »68

W17 • ' ' m67 m77 ^78
r T T

here
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are matrices of direction cosines, in which

_ dui

are angular displacements due to flexibility,

in which

(17)

0 -6|~0 -ft) 1
= - , <^iL^o o J

& =\ ° -(^2 + ̂ )]^2 L f t + j S i o J
r o -(^3 + ^1 +

5 — .

(18) and

are skew symmetric matrices representing the matrix counterpart of
the LJ x vector operation,

K = [XO yof, !-,=[*, Of, r2 =

are position vectors, and

Bl = [0 wif , «2 = [0 n2]r

are elastic displacement vectors. Moreover,

Ml2 = M l U i = L , , "23 = U2\X2=L2

Of (19)

(20)

(21)

08 =

win = -&tiSi -

m21 = &tl

(w2

07 =

09 =

S,2 Y[2c2 + 53T[2c3

m67 = 53^[2c3i + 53L2T[2c32 + 73T[2

For convenience, we discretize the elastic displacements as
follows:

where <I>/(jc) are vectors of quasicomparison functions15 andz/(0
are vectors of generalized displacements. Regarding the robot arms
as beams in bending, the quasicomparison functions can be chosen
as a linear combination of the admissible functions:

= cosh —— — cos ——
L/ Li

m17 =

( X^x Ajt jc \
sinh —— — sin —— j k = 1, 2 , . . .

L L y (23)

(m2

+ 253L2T12T[2c32

/3)T12T[

(26)

(27)

(28)
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m78 = <I>2 Y[2 + m3L2<I>23 Y[2

m88 - A2

2 c 3 2 + / 3 2 3 2

/3Y23 Y£ + S3(^

and we note that sf = sin#,-, Q = cos#/, s/;- = sin(0/ — 0/)» and c/y
— cos(#/ — Oj). Moreover, we have used the following definitions:

mt = m0 + mi + m2

rjc = 5()x sin #o + Soy cos 00 + (mi + ^2 + w3)L0 cos 00

5^ — 50;c cos #o — So>> sin #0 — (m\ + w2 + m3)L0 sin 00

(29)

Ao = Ak + /oy + (mi -f m2

(m2

in which

m/ = I PI dDi
JBodyi

: , -=/ *«dD,. /,= / prfc
JBodyi JBodyi

= I p0*dA), S()y = I
JBodyO «/B

- / po*2dA>, /oy = /
./Body 0 JB

7,2 = 72 + m3L2

$,2 = $2 + m3<J>2

i = 0 ,1 ,2 ,3

i = l , 2 , 3

/a* = / A)* dA), / o y = / Po/dA) (30)
BodyO ./BodyO

JBoi *'=L.A**' dA

- f T

JBodyi
i = 1,2

The potential energy for the system is due entirely to the elasticity
of the robot arms and can be written in the form

v = 2_,5zf ff/z,- = ^r#?
»=1

where

in which

K =block-diag[0 K2]

*-/'./o
EIi&"(&")T (

(3D

(32)

(33)

are the stiffness matrices of bodies /; £// denotes the bending stiff-
nesses. Note that the gravitational potential is ignored here on the
basis that it is negligibly small.

The virtual work of the system is
8W = Fx() 8x() + FyQ SyQ + TO 80() + n MI

+

(34)

where Q is a generalized force vector. As shown in Fig. 1, r/ are
control torques acting on bodies j at ;c7- = 0+ (j = 1, 2) and /}/
(z = 1, 2 , . . . , m7-) are control forces acting throughout bodies j
(j = 1,2). Lagrange's equations for the system can be expressed
in the symbolic vector form

- -r- + — = 6 (35)

Inserting Eqs. (24), (31), and (34) into Eq. (35), we obtain

Mq + Mq- \qT——q + Kq = Q (36)

where we recognize that M = M(q) and that qT(dM/dq)q is a
vector with entries qT(dM/dqj)q (j = 1, 2, . . . , n).

IV. Perturbation Method
The approach described above involves trajectory optimization

and determination of the forces and torques required for trajectory
realization from the dynamic equations of motion, a procedure re-
ferred to as inverse dynamics. This approach has been used widely in
robotics, but application to date have been confined to rigid robots.
Indeed, flexibility is likely to cause serious difficulties not only in
trajectory optimization but also in inverse dynamics. In most cases
of interest, however, elastic motions tend to be small compared to
maneuvering motions, particularly when the elastic vibration is con-
trolled. In such cases, it is natural to use a perturbation method to
separate the problem into two problems involving quantities of dif-
ferent orders of magnitude. One problem, referred to as a zero-order
problem, is concerned with maneuvering of the robot as if it were
rigid. The second problem, referred to as a first-order problem, is
concerned with the control of the elastic vibrations and perturbations
from the rigid-body maneuvering. Of course, the assumption is that
the variables in the zero-order problem are one order of magnitude
larger than the variables in the first-order problem.

In view of the above, we express the configuration vector and
associated generalized force vector in the form

q(t) =tfo(0 +0i(0, 6(0 = 6o(0 + 6i(0 (37)

where the subscripts 0 and 1 denote the different orders of magni-
tude. Introducing Eqs. (37) into Eq. (36) and separating quantities
of different orders of magnitude, we obtain the equation defining
the zero-order problem

where #o is a coefficient matrix, and the equation defining the first-
order problem

C(qQ, qQ, q(]}qi =
(39)

where G and C are coefficient matrices and d is a persistent dis-
turbing vector Explicit expressions for M(), #(), M\ , G, C, and d are
given in the Appendix.

It is clear from the above that the zero-order problem can be
solved independently of the first-order problem, which is typical
of perturbation solutions. On the other hand, the first-order problem
depends on the solution to the zero-order problem, where the depen-
dence manifests itself in the form of time- varying coefficients and
persistent disturbances. The zero-order problem is nonlinear and of
relatively low order. In contrast, the first-order problem is linear,
albeit time varying, and of relatively large order. The zero-order
equation (38) can be used for trajectory planning and inverse dynam-
ics in conjunction with the rigid-body maneuvering. The first-order
equation (39) can be used to design feedback controls for the elastic
vibrations and the perturbations from the rigid-body maneuvering.
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V. Rigid-Body Maneuvering
As indicated in Sec. IV, we propose to carry out trajectory

planning on the basis of the robot system regarded as an artic-
ulated, rigid-multibody system. Then, the force vector QQ per-
mitting realization of the rigid-body maneuver is obtained from
Eq. (38).

Assuming that the vector r(t) representing the motion of the end
point of the end effector/payload is given, we can obtain the rigid-
robot trajectory q() = [x0 y() 0oo 0{)i #02 003 Or 07]r by solving
Eqs. (11). We rewrite Eqs. (11) in the form

= v, v = J\q)(r- jq) (40)

which are subject to the boundary conditions

= c, v(tf) = J\q(tf), tf)r(tf) (41)

where r() was taken as zero and c is a constant vector.
Equations (40) and (41 ) constitute a nonlinear two-point boundary

value problem. The solution of such problems is generally very
difficult to obtain, particularly for systems of relatively large orders.
The shooting method reduces the problem to the solution of the

Bf =

"1
0
0
0
0
0
0
0

0
1
0
0
0
0
0
0

0
0
1
0
0
0
0
0

0
0
0
1
0
0
0
0

0
0
0
0
1
0

Ti2

0

0
0
0
0
0
1

Ti2

T23

— sin 0i
— cos 0i

boi

xn
0
0

*l(*ll)
0

nonlinear equation
F(w) = 0 (42)

which can be solved by Newton's method.16 The approach suffers
from sensitivity to initial guesses, however, and can lead to diver-
gence. Improving the initial guess is not always feasible, particularly
for multivariable systems. As an alternative, one can consider the
continuation method. According to this method, Eq. (41) is replaced
by a family of problems given by

r(a, w) = aF(w) + (1 - a = 0 (43)

where a e [0, 1] is a parameter and S(w) is a function such that the
equation S(w) = 0 is relatively easy to solve. This is the equation
corresponding to a = 0. At a = 1, Eq. (43) reduces to the equation
we would like to solve. The approach consists of solving Eq. (43)
in a step-by-step manner, beginning with a = 0 and finishing with
a = 1 . The solution at every step uses as an initial guess the solution
obtained in the previous step. If Newton's method is used to solve Eq.
(43), then failure can occur, because Newton's method postulates a
monotonic increase in a, and in a convergent solution a does not
necessarily increase monotonically.

Quite recently, a new version of the continuation method, known
as probability- 1 homotopy algorithms,13 has been developed. The
algorithms are relatively insensitive to initial guesses; i.e., they are
capable of converging to the correct solution even for initial guesses
not very close to the solution. Based on the homotopy theory, a is
allowed to increase or decrease arbitrarily within s e [0, 5*] as long
as the curve T = 0 is followed, which is a distinct advantage over
Newton's continuation method, for which a is required to increase
monotonically.

For the trajectory planning at hand, we use the homotopy method
to solve the nonlinear two-point boundary value problem defined by
Eqs. (40) and (41). The homotopy map is given by Eq. (43) in which

F(w) = q ( t f , w) f , w)r(tf)

S(w) =w-a

where w — q(Q) and a is an initial guess of w.

(44a)

(44b)

VI. Control of Elastic Vibrations and Perturbations
from Rigid-Body Maneuver

At this point, we turn our attention to the design of controls for the
elastic vibrations and perturbations from the rigid-body maneuver.
To this end, we adjoin the identity q = q and rewrite Eq. (39) in the
state form

where

-M.L* J

(45)

(46)

are the state vector, control vector, and disturbance vector, respec-
tively, and

r o / I
= [-M-[C -M~IG\-M-'G! ' s = (47)

are coefficient matrices, in which

- sin 0i
- cos 0i

— sin 02

— cos 02
^02

*21

0

- sin 02

- cos 02

(48)

0

where

&2i — X2iT\2 + $12 COS (02 — 01)

bQi = L0 sin(0i - 00) bQ2 = ^o cos(02 - 0()) (49)

hi = LI cos(02 — 0i)

We propose to compensate for the persistent disturbance open-loop
control and to control the elastic vibrations and rigid-body pertur-
bations in the absence of persistent disturbance closed-loop control.
Hence, we divide the control vector into

U = U0 + Uc

where the open-loop control has the form

u0(t) = -B}(t)d(t)

so that Eq. (45) reduces to

B(t)uc(t) + D(t)d(t)

D(t) = M-l[I-Bf(t)B\(t)}

(50)

(51)

(52)

(53)

We wish to determine the feedback control in an optimal fasion. To
this end, we use the LQR theory for which the performance measure
has the form

L = x T ( t f ) H f x ( t f )

It is well known that the optimal control law is given by1

uc(t) = -R-l(t)BT(t)K(t)x(t)

(54)

(55)
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where K(t) satisfies the matrix differential Riccati equation

K ( t ) = -K(t)A(t) - AT(t)K(t) - Q(t)

+ K(t}B(t)R-\t)BT(t)K(t) K ( t f ) = Hf (56)

VII. Numerical Example
The numerical example is concerned with the flexible robot shown

in Fig. 1. The solution follows the pattern established earlier, i.e.,
trajectory planning based on the rigid robot and feedback control
based on the first-order perturbations.

A. Trajectory Planning
As the manipulation variable vector, we use r = [x y (p\T

where x and y are the cartesian components of the payload tip
and <p is a measure of the orientation of the end effector/payload.
For the sake of this example, we assume that the platform under-
goes translation only (00 = 0), so that the configuration vector
q — [jc() yQ 0\ 02 03]r, where for simplicity we omitted the sub-
script 0 identifying zero-order quantities. Hence, the relation be-
tween r and q is by components

JC = JC0 + LI COS 01 + L2 COS 02 + L3 COS 03

y = y() + LO + LI sin0i + L2 sin02 + L3 sin03 (57)

(p = COS 03

For the purpose of this example, we choose

jc = 7.5cos0.27Tf+ 7.5

y = -7.5 cos Q.2nt + 7.5 t € [0, 5.0] (58)

<p = +V2-0.2V2/"

so that at t = 0 the tip starts from the position [15m 0] and orien-
tation of 45 deg and at t = 5 s it ends in the position [0 15m] and
orientation of 135 deg. The tip velocity is zero at t = 0 and t = 5 s.

From Eqs. (57), the Jacobian matrix is

J =
1 0 —Li sin0i —L2sin02 —
0 1 LI cos0i L2cos02 L3cos03

0 0 0 0 -sin 03

(59)

and the performance measure for the optimal trajectory is as given
by Eqs. (6) and (10).

Letting L() = 2.5m, LI = L2 — 10.0m, and L3 = 2.0m, the
trajectory is computed for the two cases:

Case 1:

XQ = -6.4142 m, y() = -3.9142 m, Oi = 02 = 0, 03 = 7T/4

Case 2:

jc() = -3.4853 m, yQ = -10.9853 m, 0i = 0, 02 = 03 = n/4

Figure 3 shows time-lapse pictures of the robot configuration for
cases 1 and 2. The results were obtained by the homotopy method.
Note that, although the initial configuration is different, in both
cases the initial tip position is [15 m 0] and the initial end effector
orientation is 45 deg, as can be seen from Fig. 3.

Using inverse dynamics, the forces and torques required for rigid-
body maneuvering were computed by means of Eq. (38).

15

10

-15 -10 - 5 0 5

x(m)

Fig. 3a Time-lapse picture of robot for case 1.

10 15

10

-1
0 -5 0 155 10

x(m)

Fig. 3b Time-lapse picture of robot for case 2.

B. Optimal Feedback Control
The values of the system parameters used are as follows:

= 40 kg,

0 = 2.5m, L3 = 2m

Sx = Sy = 0

Ix = 83.333 kg-m2, Iy = 333.333 kg-m2

Eh = EI2 = 104kg-m2

The elastic displacement for the two arms was modeled by means
of five quasicomparison functions. The coefficient matrices for the
performance measure [Eq. (54)], were chosen as

Q = diag(103

fl = diag(1.0

103 0 ... 0)

1.0), Hf=Q

Numerical solutions of the Riccati equation were obtained by an
algorithm described in Ref. 18. Time histories of the uncontrolled
and controlled responses are shown in Fig. 4.

VIII. Summary and Conclusions
A flexible space robot can be regarded as an articulated flex-

ible multibody system. Typical missions of space robots are the
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rigid-body translations.
and uncontrolled Perturbations in Fig. 4c Time history of controlled and uncontrolled perturbations in

rigid-body rotations of bodies 2 and 3.

-0.05 2 3
t(s)

Fig. 4b Time history of controlled and uncontrolled perturbations in
rigid-body rotations of bodies 0 and 1.

1 2 3 4 5
t(s)

Fig. 4d Time history of tip elastic displacement of bodies 1 and 2.

collection of space debris, recovery of spacecraft stranded in a use-
less orbit, repair of orbiting spacecraft, construction of a space sta-
tion in orbit, and servicing the space station while in operation. In
all cases, the task of the robot is to maneuver payloads.

This paper is concerned with a space robot consisting of a rigid
platform, such as the Space Shuttle, two articulated flexible arms,
and a rigid end effector/pay load. The task is to ferry some payload
and to dock smoothly with an orbiting target. Under the assumption
that maneuver motions are much larger than elastic motions, a per-
turbation approach permits dividing the problem into a zero-order
problem (in a perturbation sense) for the rigid-body maneuvering
of the robot and a first-order problem for the control of the elastic
motions, as well as of perturbations from the rigid-body maneuver-

ing motions. The zero-order control is open loop and the first-order
control is closed loop.

The robot under consideration possesses redundancies, because
the payload maneuvering is defined by three variables and the rigid-
body robot maneuvering is defined by six variables. Assuming a
certain payload maneuvering trajectory, the trajectory of the rigid
robot is optimized by means of the global optimization method.
Then, using inverse dynamics, the control forces and torques re-
quired for the rigid-body maneuvering are determined. The feed-
back control forces and torques required for the control of the elastic
vibration and perturbations from the rigid-body motions are deter-
mined by the LQR theory. A numerical example demonstrates the
approach.
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Appendix
The mass matrix MO appearing in Eq, (38) is defined as
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G67 = '

(Al)

and the coefficient matrix BQ is given by

0 0 -Sty9Q -St

0 0 -Stx6o -S,
0 0 0
0 0 -StiL0clQe0 0
0 0 -5,2L()C2()<9()

0 0 -

-St2c292 -S3c393

-5,2*202 -S3s393

5,2L0c2002

~St2LlS2l02 -S3LlS3l93

0 -53L253203

09() S3Lls3l9l S3L2s3292

Moreover, the mass matrix in Eq. (39) has the form

Mo : :

(A2)

mn
Lm[8 '"68 '"78 '"»»

and the coefficient matrices G and C are given by

(A3)

G =

Gs7 G38

2 BO G47 G48

Gs7 G58

G67 G68

0 0 G73 G74 G75 G76 G77 G78

0 0 G83 G84 G85 G86 G87 G88

(A4)

where

Gig - -2^

G27 - - 253

G28 - - - 253

G37 -

G38 = 2

G48 = -23>2LlS2l62 - 253L! Y[3

G57 - 2St2&!2s2idi - 253L2Y[2s3203

G58 - -253

G68 =

G73 — —
~ mt

0
-stx

-5,2s2

. ~S3s3

0 -Stx -Stis
mt — Sty 5,i Ci

— S^ 7,o St\L()S

o,2c2 >Ji2Li()S2() Sf2L/\c
*J3C3 >j3Lj()S3() u3L/\C2

[ -5,252

5,2c2

u) 5,2L052()

n It2
i S3L2c32

—S3s3 ~
5sc3

53L0530

S3L2C32

h -

G74 = 2

G75 = -'

G76 = -

c77 = (*,2T?; + :
(A5)

- 92)

G78 = -2

53L2 Y12

G83 = 23>,2L0s20<90 + 253 Y23L0530<90

G84 = 2$,2L1s21<91 + 253

G85 = 2S3T23L2s3293

G86 = -25

G87 =

H- 53L2Y23 Y[2532

G88 - ft)

and

c =

where

'0 0 C13 Cw C15 Ci6
0 0 C23 C24 C25 C26

0 0 C33 C34 C35 C36

U U C43 (~^44 ^45 ^46

0 0 C53 C54 C55 C56

0 0 Cfi3 C^4 C^5 C^6

0 0 C*73 C74 (775 C*76

0 0 C83 C84 C85 C86

= —Sty9() + Stx0Q,

Cn

C27

C37

C47

CJT

C77- C78

(A6)

+ St\s\9l

Cn = -

C18 - - - 53 TT
23c393 + 3>t2s2Ot + 53

C23 = —Stx9o — Sty00

C24 = — —

C25 = -St2s292 - St2c292

C26 = -S3s393 - 53c3<92

C27 = -



C28 - -*2

4- St\L()Si()9l 4-
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92 — S3T23c393 CM = —S3c3XQ — S3s3yo 4- ^3

C31 =

— St2T i2

C38 = &t2

2 4-

C44 =

4-

4- 5,iLoCi(>0<) 4-

4-

C45 = —St2L\s2\92 — St2L\c2\92

C46 - -

C47 = - 4- *M

S33>T
ns3l93 4-

C48 =

Cs4 = St2L\s2\9\ — St2Lic2{9^

55 — — St2c2x() — St2s2yo + St2L()C2()9() — St2L\s2\9\

4-53L25326>3 + 5/2

— T - T - T •• - TC58 = -<i>,2c2i:() - <&t2s2y() 4- 3>,2

+ *4- 53*^5326*3 -

4-

CM —

— S3L()S3()9()

501

- S3L2s3292

C67 = - S3rT
uc3x() -

4- S3 Y[2 (A7)

co - S3 Y2353})o 4- S3 Y

4- S3 Y2
r

C74 = -

4-

4-

4-

C75 =

2 + 5,2Li Y12c21<92

2 4- S3 rl2L2s3292 - S3

C76 = -

jc() - S3 Y

C77 = -^2

4- Ll

9t 4- 53Ti2Lic3i02 4- S3rn

[2(c2JC() 4- s2y(} - L()C2()9() +

^fl2) - 53 Y12Y[2(c3i() 4- s3y() - L()c3()9()

()s3()9^ - Lic31^2) 4- St2r ̂ ^[s^ - 92)

C78 = -

53Yi2Y23(c3i() 4- 53^0 - LOCSO^O +

2) 4- 53Y12$[3 (5326*2 -

'C65 = S3L2s3292 - S3L2c3292'
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C84 = &t2

— ^Li Y23^31 #1

C85 = -®t2

$3*23*3203

C87 = -4>,2Y[2(c2i:0 + s2y()

+ 53 yQ

01 - C210?)

C88 = -

00
2 - L1C310? - L2c3202

2) H- ̂ T^*^

+ #3
2)] ~ [A2

The disturbance vector d in Eq. (48) is defined as

d = [ 0 0 0 0 0 0 df d[

where

H- L2s3202

^ - 03)

(A8)

- L()c200(
2 + Li J2i02) + 7/2 Y1202

53*12(C3103 ~ 53102)

+ /3Y1203 (A9)

-f 53 Yi2(-53Jc() H- c3y0 + L()J3()0() + Lic3i0"i + L2c3292

- LQC3002 + Li J3102 + L2*3202
2)

8 = [*2 + w3L2*23]02 + &t2(-s2x() + c2yQ + Loc200o

H- L()5-2()(9(
2 + Lic2i0'i + Li^2i02) + 53 Y23(-5-3j:() 4- c3y()

+ L()c3()6>() + Lic3i0"i + L2c32(92 4- L0J300o

0*) 4- /3Y236>3 -f 53*23(c3203 - *32
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